A number of new results concerning the prime divisors of zero in the form ring 5F(A, /) of a Noetherian ring A with respect to an ideal I in A are found by using certain auxiliary rings of the Rees ring 0ί(A, I). Then it is shown that in every semi-local ring R there exist open ideals Q such that the prime divisors of uS/lζR, Q) have a number of properties known to hold when O is a normal ideal and R is analytically unramified.
1. Introduction, Form rings (= associated graded rings) have been studied in a number of important papers (such as [3] , where the concept was introduced, and [7, 15, 16] ) and many textbooks on commutative algebra (such as [1, 5, 21] ). Such rings are an important tool in many investigations in commutative algebra, and therein they appear in an auxiliary role. Our concern in this paper is with a certain aspect of the form rings themselves, namely, their prime divisors of zero. It is important to know about these prime ideals for a number of reasons, such as: they can be used to help determine when a local ring is quasi-unmixed [10^ Theorem 3.8 (2) ]; unmixed [5, (25.1) ]; analytically irreducible [5, (25.151] ; or, analytically normal [5, (25.15) ]. (Also, if / and K are ideals in a Noetherian ring A and K is the I-form ideal of K_ in 9 = &(A, I) (the form ring of A with respect to /), then 9IK = 9(A/K,(I + K)/K), so knowledge about prime divisors of zero in form rings immediately gives knowledge about the prime divisors of K.)
It turns out that, due to an important result of D. Rees [15, Theorem 2.1] , the study of the prime divisors of zero in 9(A, I) is equivalent to studying the prime divisors of the principal ideal u<3i in the Rees ring <3i = £%(A,/), since SF=9llu0t (and in this isomorphism, X = (KA [t, w] Π έ%, w)έ%). Now from this point of view, a number of auxiliary rings can be brought into play to help determine properties of the prime divisors of u&t (and vice versa, these properties imply certain results for the auxiliary rings). (And because of this, the results in this paper are stated for the prime divisors of uέ%, and the corresponding results for the prime divisors of zero in the form rings (or the prime divisors of K) are not explicitly stated.)
The specific auxiliary rings which are of importance below are 9t(A 9 I n ) (for n g 1), 9t(A *, IA *) (where A is semi-local and A * is its completion), and the integral closures of these rings. By using these auxiliary rings, it is seen that there are certain one-to-one correspondences and certain subspace properties between the prime divisors of u0l and the prime divisors of (u) in these auxiliary rings. To explain this in a little more detail, a brief summary of the results in this paper will now be given. Section 2 contains a few preliminary definitions and results which are needed through §5.
In §3, it is shown that u0l(A 7 I n ) has at most as many minimal prime divisors as u0i (3.2) , where 0i = 0l (A 7 I) , and that there is a one-to-one correspondence between the prime divisors of (u) in the integral closures of these rings (3.3) . Also, two additional important results are given in (3.6) and (3.7) . The first shows that if I is not nilpotent, then, for each prime divisor p' of u0l' (01' = the integral closure of 01), p'Π 01 is a relevant prime divisor of u0i (that is, not all homogeneous elements of positive degree are in p'ΠSft).
The other shows that if ICJ, the Jacobson radical of A, then the depth of each homogeneous ideal H in 01 can be computed thru some maximal homogeneous prime ideal in 01 (so this holds, in particular, for the prime divisors of u0l).
Section 4 is concerned with the prime divisors of (u) in 01 = 01 (i?, /), where I is an arbitrary ideal in a semi-local ring JR, and it is shown that there is a many-one correspondence between the prime divisors p° of (u) in 01° = 0l(R*JR*) and the prime divisors/? of (u)in0l and, if p° and/? correspond, then 0l p is a subspace of 0ί^ (4.2) . Also, certain relationships between the depths of the prime divisors of (u) in 01 and 01° and the depths of the prime divisors of (0) in R * are given in (4.3) . Then, similar results are shown to hold for the prime divisors of (u) in the integral closures of 01 and 01° (see (4.5) and (4.6) ).
If / is an open ideal in R, then it is shown in §5 that the results of §4 can be considerably sharpened. For example, the correspondence between the prime divisors of (u) in 01 and 01° is one-to-one, and then depth p = depth p° and 0l p is a dense subspace of 0l°p« (5.1.1). Again, related results hold for the integral closures of 01 and 01° (see (5.1.3) and (5.1.4)).
Section 6 contains some additional preliminary results (on normal ideals and g-ϋ-rings) which are needed to prove the results in §7.
In (7.1), it is shown that in every semi-local ring JR there exist open ideals B such that the prime divisors of (u) in if = 01 (R,B) have many properties in common with the case when R is analytically unramified and B is a normal ideal (see the paragraph preceding (7.1)). Then it is shown that there exists a one-to-one correspondence between the minimal prime divisors of (u) in &, if\ 9", T 1 , and 0i(R 7 B k ) , for all k ^ 1 (7.4) and (7.6).
Section 8 contains a few applications of the results in this paper to:
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semi-local rings which are analytically unramified (8.1) , analytically irreducible (8.3) , and quasi-unmixed ((8.4) and (8.5) ); and, the (catenary) chain conjectures (8.6) . Then this paper is closed by asking three questions in §9.
2.
Preliminary definitions and known facts. In this paper, all rings are assumed to be commutative with an identity, and the terminology is, in general, the same as that in Let / = (b u -,b g )A be an ideal contained in the Jacobson radical of a Noetherian ring A, let 0i = £%(A, /), and let B* denote the ideal βA [ί,w] (2.2.4) [10, Remark 3.7] . Height B* = height B and altitude <3i = altitude A + 1 = height (w, M*)έ%, for each maximal ideal M in A such that height M = altitude A. Therefore, by (2.2.3) Although (2.2.5 ) is proved only for an M-primary ideal in a local ring (i?, M) in [15] , exactly the same proof shows that (2.2.5) holds, in fact, for an arbitrary ideal / in an arbitrary Noetherian ring A. It is because of this that Rees rings will be of considerable importance in this paper. For, this shows that all the information concerning the number of prime divisors of zero, their depths, etc. in the form rings ^(A, J) of A with respect to / can be obtained from the corresponding Rees rings 91 (A, I) . Also, Rees rings are easier to work with, and even more information can be obtained by working with the Rees rings rather than the form rings (such as certain one-to-one correspondences and certain subspace properties; for example see (4.2.1) and (5.1.1)). Therefore, most of the results in this paper will be concerned with the rings 91 (A, J) -and the corresponding results for the form rings will usually not be explicitly stated.
It will frequently be necessary to pass from a ring to its integral closure or its completion. Therefore we adopt the following two notational conventions, in order to avoid continual repetitions. Since u9i and u9l' are principal ideals generated by a regular element, such ideals will be of importance in what follows. Many facts concerning the prime divisors of such an ideal are well known. Two of the less well known such facts which will be needed through §5 are given in the following remark.
(2.4) REMARK. Let b be a regular element in A', where A is a Noetherian ring. Then the following statements hold: (2.4.1) [11, Proposition 2.13] . bA' is a finite intersection of height one primary ideals, and if p is a prime divisor of bA', then p contains exactly one minimal prime ideal z and A p /zA p is a DVR (discrete valuation ring). (2.4.2) [11, Theorem 2.15] . If C is a (not necessarily Noetherian) ring such that A C C C A' and p is a prime divisor of bA', then pΠCis a prime divisor of each principal ideal generated by a regular element which it contains.
One further definition and two facts concerning it are still needed. [t, u] .
3.
Prime divisors of zero in 3F(A, I). The results in this section are concerned with the prime divisors of zero in the form ring ίF(A, /), where I is an arbitrary ideal in an arbitrary Noetherian ring A. Actually, as noted after (2.2) , the results are specifically concerned with the prime divisors of u0ί (A, I) . It is shown that knowledge of the prime divisors of u ( 3i{A,l n ) (with n S 2) and of u($l(A, I)') give some information concerning the prime divisors of u0i (A,I) , and vice versa. We begin with the following result. . Then si = 0*, so there exists a minimal prime divisor q' of u n si that corresponds to q under the isomorphism, and then depth q' = depth q. Also, si Q0i and 01 is integral over si, so there exists a minimal prime divisor p of uέ% such that p Γ\ si = q', and necessarily depth p = depth <?'. Therefore Si C S 2 .
Let p be a minimal prime divisor of u0i. Now £% is integral over si [u] The next result is concerned with relevant prime divisors of u0ί. To give one reason why these are of interest, the following terminology is needed.
A homogeneous ideal H in a graded ring is said to be irrelevant if it contains all homogeneous elements of sufficiently large degree; otherwise, H is said to be relevant. If all prime divisors of zero in a form ring 2F(A, I) are relevant, then / has very strongly superficial elements of all large degree k that is, there exist x E I k such that Γ +k : xA = Γ, for all n^O. (See [20, Theorem 2.5] .) (3.6) shows that at least the prime divisors p' (Λ0i of u0l are relevant, if height />0.
I am indebted to the referee for the following proof of (3.6), which is simpler than my original proof.
(3.6) PROPOSITION. With A, /, and 9i as in (3.1) 
Proof. Let p' be a prime divisor of u9i', so there exists a unique minimal prime ideal z' in 91' such that z' Cp', and then (9l' p It follows that υ' has center p' on 91', and u' is extendable to 9l' p >, hence ϋ' coincides with v. But this is a contradiction, since I/(JC) = O, for some x E ίί. Therefore tl£p'.
The final proposition in this section shows the very important (and somewhat surprising) result that the depth of a homogeneous ideal in 9i can be computed thru a maximal homogeneous prime ideal in 91. An important corollary concerning the prime divisors of zero in 9t is given in (3.8) . Proof. Since each prime divisor of H is homogeneous, it clearly suffices to prove this in the case that H = P is a homogeneous prime ideal of finite depth. If / is nilpotent, then tlQP, so either
, as is shown below). The conclusion readily follows in either case from (2.2.1).
Therefore assume that / isn't nilpotent. If u 0. P, then let p = P Π A and Q = pA [t,u] Γ)9l. Then P = Q, as will now be shown. Since u & P, pA [t, u] C PA [ί, u] , so Q C P. Also, P and Q are homogeneous, so it sufficed to show that Q [i} = P (/] (-oo<ί<oo) ? where, for a homogeneous ideal C in 91, C {i] = {a E A; at 1 EC) .
ι E P and w fέ P, so αGPnA = OΠACθ, hence au ι E Q, and so a E Q {i] . Finally, it is readily seen that, if i >0, then Q [i} = p ΠΓ and P [i} = w 'P Π A C (P Π A) Π I 1 , so P m C O (ι] . Therefore P = Q, so the conclusion follows from (2.2.4).
Thus it may be assumed that u E P. Let N be a maximal ideal in 01 such that depth P = height N/P = (say) d. Let P = P {) C P ] C C P d = N be a saturated chain of prime ideals in 0i between P and N, and let / be the largest subscript such that P, is homogeneous. Then it may clearly be assumed that As just noted, Q t = ptf Π <% = P, and O,4i -Pι+\^ Π S^ CP i+ i (since, by hypothesis, P, is homogeneous and P ι+X isn't), so P ι = O, = Oi+i, since height P.+i/P, = 1. Also, for fc = 1,
, d -i -1, Oz^k CP ίffc CP I+k + i, since P i+ίc isn't homogeneous. Now, since it is well known that a chain of three distinct prime ideals in B [tb, 1/tb] can't all lie over the same prime ideal in B, Q ι+k Σf Π B = p t+k =P,^nfl CP 1+H1^n β =p i+k41 = Q ι+k + ι ynB.
Therefore, it follows that Q t = O, +i C 0^2 C C Q d . Finally, Od is homogeneous and depth Od^ -depth p d ίP^\, so there exists a maximal homogeneous
Finally, if 6 is a zero divisor, then let K = U{(0): fc'A 5 ^ 1}, and let K* = KA[ί, u] Π Sϊ. (Note that b isn't nilpotent, since tb&N, so X^ A.) Then X* C P, for if z * is a prime divisor of zero in 91 such that z*CP, then tb£z* so />£z=z*ΠA (since z * = zA [/, M] Π S? (2.2.2)), hence K C z, so K*Cz*CP. Therefore depth P = depth P/X*, 9t/K* = 9t(A/K,(I + K)/K) (2.23), ί6 + K* ^P/K*, and fe + K is regular in A/K, so the conclusion follows from the case b is regular in A.
The following corollary is an important special case of (3.7). Proof. This is clear by (3.7) , since each prime divisor of u0i is homogeneous. (8.5 ) and the comments following (8.1) and (9.1) contain other results which are related to the results in this section.
Prime divisors of zero in ^(JR, I). The prime divisors of u9l(R,I
) are considered in this section, where / is an arbitrary ideal contained in the Jacobson radical of a semi-local ring R. It is shown that there is a close relationship between these prime divisors and the prime divisors of u9l(R *, IR *) (2.3.2) . (In §5, the case where / is open will be considered, and the results in the present section will be considerably sharpened in this case.) We begin with the following result which is a slight generalization and sharpening of [10, Lemma 3.2] . (It should be noted that the rings 9l(R,I) are special cases of the rings A in (4.1) .) The lemma will be of frequent use in the remainder of this paper. 
, where the X t are algebraically independent over R and the y } are in the total quotient ring of R [X u ,
Then there is a one-toone correspondence between the prime ideals P in A such that P Π R is a maximal ideal and the prime ideals P* in C such that P** Π R * is maximal given by P = P* Π A and P* = PC. Moreover, if P and P* correspond, then A p is a dense subspace of C P * (so height P = height P*), depth P = depth P *, and P is a prime divisor of an ideal B in A if and only ifP* is a prime divisor of BC.
Proof The one-to-one correspondence and the fact that A p is a dense subspace of C P * both follow from [10, Lemma 3.2] (which proves these two statements hold when R is local). Further, depth P = depth P*, since C/P* = A IP (since P and P* lie over corresponding maximal ideals in JR and R *). Finally, since A p is a dense subspace of C P *, P is a prime divisor of B if and only if P* is a prime divisor of BC, by [5, (18.11) ].
The next result shows that the prime divisors of u9i(R *, IR *) give considerable information on the prime divisors of u9t(R,I), and vice versa. Then $i M is a dense subspace of ^ V (by (4.1), since M° Π R * is maximal (2.2.1)). Therefore, since u9t°M» is an extended ideal from Sfc M , p = p° Π <3l is a prime divisor of u$i and p° is a prime divisor of p<3i\ by [5, (18.11)] , hence 0ί p is a subspace of <3i\» [5, (19.2) (3)].
For the parenthetical statement, let z* = zR* [t, u] Π&t°, where z is a prime divisor of zero in R *, so z * is a prime divisor of zero in dt°( 2.2.2). Let p° be a minimal prime divisor of (z*,w)^°. (Note that (z*, M)IV« (1 , (3.8) . Then $i M lp&M is a dense subspace of 3iWlp^ou^ by (4.1), so there exists a minimal prime divisor P of p9t° such that F C M&1 0 and height Jί/p = height Jί&t°/P S depth P. Therefore depth p ^ depth F, and, as shown above, depth P ^ depth p. (4.3) shows that, because of (4.2), quite a lot of information relating the depths of the prime divisors of u0i and of u0l° can be obtained. (It should be noted that (4.3) greatly extends part of [10, Proposition 3.9] where it was shown that the first set in (4.3 The following remark, part of which is needed for the proof of (4.5), generalizes parts of (4.2). The proof of the remark is essentially the same as that given for (4.2), so it will be omitted. 4.4.2) If P is a prime divisor of H and P° is a prime divisor of then P° is a prime divisor of H0l° and $i P is a subspace of 3?p<>.
(4.4.3) With P as in (4.4.2) , if P° is a minimal prime divisor of P<31\ then height P° = height P and depth P° ^ depth P. Moreover, there exists a minimal prime divisor P° of P0i {) such that depth P° = depth P. The following proposition is considerably more general than is actually needed when considering prime divisors of u$t'. However, the more general result is of importance for other considerations, and its proof isn't appreciably more difficult than when just considering prime divisors of u$ft f . For these reasons, it was decided to prove this more general version of the result. Then the following statements hold: Proof. (4.5.1) Let c E P' such that c isn't in any other prime ideal in 01' which lies over p = P f Π % and let P = P f Π0l [c] , so height P = height P' and depth P = depth P'. Now p is homogeneous, since P is, so there exists a maximal homogeneous prime ideal M in 01 such that depth P = depth p = height M/p (3.8) . Also, M ΓΊ 0ί is a maximal ideal (2. Corollary 2.23] , and then depth z = depth p°\ as in the proof of (4.5.2). Therefore, the last two sets are equal.
The last corollary to (4.2) shows that, in the semi-local case, certain additional prime divisors of u0l(R,I n )
(besides those considered in §3) give information on the prime divisors of u0ί{R,I). 4.1) ). Then p = p°'Π0l is a prime divisor of u0£ such that p Π si = m. Therefore, since 01 is integral over si, depth p = depth m = depth q.
5.
Prime divisors of zero in 2F(R, Q). In this section, we consider the prime divisors of u0l{R, Q), where Q is an open ideal in a semi-local ring JR. For this case, it is shown that most of the results in §4 can be considerably sharpened. Concerning (5.1), it should be noted that (5.1.1) (respectively, (5.1.2), (5.1.3), (5.1.4)) sharpens (4.2) (respectively, (4.3), (4.6), (3.3) and (4.6) ). It should also be noted that part of (5.1.1) is known [1, Proposition 10.22(ii)]. (Note that this result in [1] isn't applicable in §4 of this paper, since the completion in [1] is the Sί-adic completion, whereas, in §4, R * is the completion of JR with respect to its Jacobson radical.) Finally, there is some overlap between (5.1.1) and [13, Theorem 5.9] (which is concerned with an equi-characteristic local ring). The proof of the subspace part of (5.1.3) requires some preliminary information (that will be given in §6). Therefore the proof of (5.1.3) will be completed in the proof of (7.4).
(5.1.4) The one-to-one correspondence is given by (3.3) , and the first set is contained in the second, by (3.3) and (4. 
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The following corollary is an interesting application of (5.2.1). [5, (34.3) ]. Further, altitude si = altitude 9t = a + 1 (2.2.4), so it follows that height P + depth P = a + 1, for all prime ideals P in d such that u n E P. Therefore, since 9 = d, the conclusions follow from (5.2.1) and what has already been shown.
In (5.3), if Q isn't generated by a system of parameters, then the conclusions don't necessarily hold. For example, in [10, Proposition 3.9] it is shown that in every local ring (R, M) there exists an M-primary ideal Q such that there is a minimal prime divisor of u$ft(R,Q) which has depth = d if and only if there exists a minimal prime ideal z in R * such that depth z = d. (So, if JR isn't quasi-unmixed, then u$l(R, Q) has a minimal prime divisor p such that height p + depth p < altitude 01.) 6. Integrally closed ideals, normal ideals, and qι>rings To prove the theorem in §7, quite a lot of information concerning normal ideals and g-υ-rings is needed. The information on normal ideals is known (but will be reviewed for the convenience of the reader) while the information on g-i -rings is new (at least to the author). We begin by recalling the definition of a normal ideal, and then recall some facts on the integral closure of an ideal and on normal ideals.
(6.1) DEFINITION. An ideal / in a ring A is said to be normal in case every power of / is integrally closed (that is, (J n ) α = / n , for all n ^ 1). For example, it is well known that the maximal ideal in a regular local ring is a normal ideal. Proof. (6.2.2), (6.2.4) , and (6.2.6) are proved in the cited references, and the proof of (6.2.1) is straightforward by working with equations of integral dependence (since Z is nilpotent).
The proof of (6. In [11, Definition, p. 213 ], a quasi-local ring (S,N) was called a quasi-ϋ-ring in case altitude 5 = 1 and N = bS y for some regular element b E S, and a prime ideal p in a ring A was called a quasi-i;-ideal in case A p is a quasi-i -ring. There is a closely related concept which we must work with in §7, so we now give the definition and make some comments on it.
(6.3) DEFINITION. Let A be a ring and let p be a prime ideal in A. A is a q-v-ring in case A is local (Noetherian), altitude A = 1, (0): M = (0), and A/ (Rad A) is a DVR. p is a q-v-ideal in case A p is a  q-v-ήng. (The reason for the very similar terminology in the preceeding definition and that given in [11] is that the two concepts are quite closely related. Of the two concepts, only g-i -rings will be considered in the remainder of this paper.) (6.4) REMARK. The following statements hold for a ring A: (6.4.1) If A is a q-υ-ήng with maximal ideal P, then RadA is prime and is the unique prime divisor of zero, and P = (RadA, b)A, for some regular element b E P. 2) The first statement is proved in [11, Corollary 2.11 and Proposition 2.7(6)]. Thus, if {bA ) a = bA and p is a prime divisor of bA, then A p is a DVR and A' A -P is integral over A p and contained in its quotient field, so A p = A A -P , hence p' = pA p Ω A' is a prime divisor of bA' such that A p > = A p . On the other hand, if p' is a prime divisor of bA', then p = p'ΠA is a prime divisor of bA (2.4.2) , so by what has already been shown, A p is a DVR and A p = A' p . * (6.4.3) Let z be the minimal prime ideal in A, so A/z is a DVR. Therefore A*/zA* = (A/z)* is a DVR, so zA* = RadA (since every minimal prime ideal in A * contains zA *). Therefore it follows that A* is a q-i -ring. (6.4.4) Let z = Rad A *, so z is prime and w = z Γ) A = RadA. Also, A/w C A'/(Rad A') C (A/w)'. Further, (A/w)* = A*/wA* has a unique minimal prime ideal, so (A/w) f is quasi-local, hence A' is quasi-local.
It should be noted that, in (6.4.4) , A need not be a q-v-ήng, even if A is a local domain. In fact, an example of this is given in [5, (E3.2) ]. In (7.3) below, additional examples of this will be given. This section will be closed with the following proposition which is an important specific case of a more general result of M. Nagata [4, Proposition 4] .
(6.5) PROPOSITION. Let Rbe a local ring which is a quotient ring of a finitely generated ring over a complete local ring R Q . Then the following statements hold: (6.5.1) // P E Spec JR, then R/P is unmixed and analytically unramified.
(6.5.2) IfP*E SpecR* and P* is a prime divisor of (P* Π R)R*, then height P* = height P* Π R and depth P* = depth P* Π R. Proof (6.5.1) Let P be a prime ideal in JR and let L = R 0 /(P Π JR 0 ). Then R/P is pseudo-geometric (by [5, (36.5) ], since L is pseudo-geometric [5, (32.1)]), so R/P is analytically unramified [5, (36.4) ]. Also, R/P is quasi-unmixed (by [9, Corollary 3.7] , since L, being a complete local domain, is quasi-unmixed), so R/P is quasiunmixed and analytically unramified, hence R/P is unmixed.
(6.5.2) Let P = P* Π R. Then R/P is unmixed (6.5.1), so depth P* = depth P and P* is a minimal prime divisor of PR*, hence height P* = height P [5, (22.9) ].
7. Prime divisors of zero in 5F(JR, (Q") α ). In this section, the prime divisors of uΘt(R,(Q n ) a ) are considered, when n is large. It turns out that, in this case, a number of the previous results in this paper can be sharpened even more than in §5.
(7.1) is one of the main results in this paper. It shows that in every semi-local ring R and for every open ideal B = (Q n ) a with n large, the prime divisors of u0l(R,B) have many properties in common with the prime divisors of this ideal in the analytically unramified semi-local ring case. Specifically, if R is analytically unramified and B is as above, then, with 0ί = 0l{R,B), u$k is integrally closed (by (6.2.6) and (6.2.5) ). Therefore, if p is a prime divisor of w£%, then height p = 1 and Sk p is a DVR (6.4.2). (7.1) shows that much the same thing can be said for arbitrary semi-local rings. (since u& = (uP) a ), so ^o/Z*^> = (S^7Z*) p o /z . = (say) V is a DVR (6.4.2) . Therefore Rad #> = Z*^°po is prime, so, since w is regular, Sf°p<> is a qf-ϋ-ring (6.3) . Further, since B is open, there exists a one-to-one correspondence between the minimal prime divisors p of uϊf and the minimal prime divisors p° of u£f° such that p and p° correspond if and only if p = p° Π if and p° = pίf°, and then depth p = depth p° and 5^ is a dense subspace of 5^<> (5.1.1). Therefore, for each minimal prime divisor p of uίf, pif 0 is a g-u-ideal.
To complete the proof, it suffices to show that there exists a one-to-one correspondence between the prime divisors p Of of u9* Of and the minimal prime divisors p° of uίf° given by p° = p Of Π if (by the oneto-one correspondence between the minimal prime divisors p° of uif° and the minimal prime divisors p of uif noted above). For this, let
/ , where T is the total quotient ring of R* 9 so Z*' = Rad ST Then ^°'/Z*' is integral over ^°/Z* and is contained in the total quotient ring of 5^°/Z*. Also, w5^0/Z* is integrally closed (as noted above), so there exists a one-to-one correspondence between the prime divisors of uϊf o /Z* and the prime divisors of u£f {) 'IZ* f given by contraction (6.4.2) . Further, there exists a one-to-one correspondence between the minimal prime divisors of uίf° and the (minimal) prime divisors of M5^°/Z*, and there exists a one-to-one correspondence between the (minimal) prime divisors of uif 01 and the (minimal) prime divisors of uSr°ΊZ*' (since Z* = Rad^° and Z* r = Rad5^0 / ). (Each prime divisor of uS^/Z*, of II^/Z*', and of uT' is minimal, by (6.4.2) and (2.4.1) .) Therefore the desired one-to-one correspondence follows.
We note some facts concerning the proof of (7.1) for future reference.
(7.2) REMARK. With the notation of (7.1), the following statements hold:
(7.2.1) BR */(Rad R *) is a normal ideal (equivalently, by (2.2.3) and (6.2.5) , wS^°/(Rad if 0 ) is integrally closed), and it is because of this fact (and not because B = B a ) that the conclusions of (7.1) hold. Q has an imbedded prime divisor (5.2.1), but every prime divisor of w^°/(Rad T) has height one (6.4.2) .
In (7.1), p need not be a g-u-ideal (even though p¥° is and 5^p is a dense subspace of S^y. In fact, the following example shows that over many local domains there exists a locality L such that L* is a q-u-ring, but L isn't a q-υ-ήng.
(7.3) EXAMPLE. Let (JR, M) be a local domain such that there exists at least one minimal prime ideal w in JR * such that depth w = altitude JR* and w isn't the w-primary component of zero. Then there exists a locality (L, P) over R such that L * is a g-u-ring and L isn't a q-v-ήng.
Proof. Let n be large, let B =(M n ) α , let ^=9^(R,B), and let ¥° = 0l(R*,BR*).
Let p° be a minimal prime divisor of (w, w*)^°, where w* = wR* [t, u] Π Sf\ let p=p o nif, let L = S? p , and let P = pL. Then height p° = 1, since depth w = altitude 1?*. Therefore Sf°po is a g-i;-ring (by the proof of (7.1)), and L is a dense subspace of Sf°p<> (5.1.1), so L* is a g-i -ring (6.4.3) and altitude L = 1. Therefore, by the definition and with z the unique prime divisor of zero in L *, L */z is a DVR and P* = (z,6)L*, for some regular element bEP*. Now z^ (0), since z ΓΊ Sf°po = w *S^«^ (0) (since w isn't the H>-primary component of zero). Suppose that L is a q-v-ήng. Then L is a DVR, since L is a local domain, hence L * is a DVR; contradiction. Therefore L isn't a g-υ-ring.
We now give three corollaries to (7.1). Proof By the last paragraph of the proof of (7.1) (and since uS?°/Z* = {uίf°IZ*) a ), there exists a one-to-one correspondence between the p°E 3° and the p°'er such that (^«)/(Rad^«) = (5^7Z*) p o /z .= (6.4.2) (^°'Z*V/z-= (5 0 ;o')/(Rad5^» ? and these rings are DVR's, since p° is a q-v-ideal (7.1). Thus, by this and (7.1), there exists a one-to-one correspondence between the p E 2 and the p°E 3° such that Sf p is a dense subspace of 5^<>. Moreover, the one-to-one correspondence between 3' and 3
Of follows from the first statement in (5. Finally, that (^;)/(Rad Tj) is a dense subspace of (^)/(Radf ollows from the one-to-one correspondence and the more general result stated in (5. 1.3) , and which will now be proved (using the notation of (5.1)).
Let p°' be a prime divisor of utfl 0 ', let p' = p ω Π&t\ and assume that p 0 ' is the only prime divisor of u0ί Qr lying over p'. Then, to show that U = {9t p ')/(Rad0l p ') is a dense subspace of V = (^»/(RadS?°», note that U and V are DVR's, by (2.4.1) . Also, [/CVCV*, so, by [6, Theorem 7, p. 96] , there exists an ideal K in (7* such that U C U*/K C V*, hence K = (0) and £/* C V*, since J7, [/*, and V* are DVR's. Let c Ep' such that c isn't in any other prime ideal in έ%' which lies over , and (d^y = 01^ (since height q Q = height ^ = 1 and p 0/ and p' are the only prime divisors of (u) lying over p' and g, respectively). Let C = (iJ«.)/(RacWJ..), so V = C is a finite C-algebra (by [5, (36.4) and (32.2) ], since C is pseudo-geometric [5, (36.5)]), hence C*CC*' = V*. Also, by (6.5.1) and since d q is a dense subspace of sί°q<>, [6, Theorem 7, p. 96] , and / is prime, since U* is a domain. Also, L* is a homomorphic image of (sd q )* = (stffi (whose kernel is contained in Rad(^°<>)* and Rad(^°<>)* is prime, since C* is a domain (since C* C V*)). Therefore C* = L*/(RadL*), so, since C* is a domain and altitude L = 1, it follows that /•= RadL* andC* = L*/IC I/*. Thus (/*CV*= C*' C I/*' = I/*, so (7 is a dense subspace of V.
(7.5) REMARK. It follows immediately from (5.1.4) and (7.4) that {depth p p is a minimal prime divisor of uif} -{depth z z is a minimal prime ideal in R *}.
The next corollary to (7.1) shows that, with B of (7.1) replacing / of (3.1), the first containment in (3.1) becomes an equality. It also shows that equality holds in (3.2). Proof There exists a one-to-one correspondence between the prime divisors p' of uif' and the minimal prime divisors p of uif given by contraction, by (7.4). Also, B n R */(Rad R *) is a normal ideal (since BR */(Radi? •) is normal (7.2.1)), hence, by (7.1) applied with B n in place of B, there exists a one-to-one correspondence between the prime divisors q' of usέ' and the minimal prime divisors q of usί given by contraction. Therefore, by the one-to-one correspondence between the prime divisors p f of uif' and the prime divisors q' of usί' (and since depth p' = depth q') (3.3), the conclusion follows.
The last corollary to (7.1) shows that, with B as in (7.1) replacing / in (3.5), the two inequalities in (3.5) become equalities.
(7.7) COROLLARY. With the notation of (7.1), let k be a positive integer, and let C be an ideal such that
Then there is a one-to-one correspondence between the minimal prime divisors of (u) Proof. This follows readily from (3.3), (7.1), and (7.6).
An alternate proof to (7.7) is to note that (7.4) is applicable with m(R,B k ) replacing if (by (7.2.1), since B fc #*/(Radi?*) is a normal ideal). (6.2.5) , since Q is normal, so every prime divisor of u$ft is height one (6.4.2) . Also, since Q is generated by a system of parameters, p = (M,u) Sfc is the only minimal prime divisor of uSk [10, Lemma 4.3] . Therefore u0l is p-primary. Thus, with S/l° = 2/ί(R *, QR *), p° = p2ft° is the only prime divisor of w£%° (5.1.1), so every prime divisor of zero in S?° is contained in p\ by (5.2.1). Therefore, since % is a DVR (6.4.2) and S/l p is a dense subspace of $£« (5.1.1), (0) is prime in 35°. Therefore (0) is prime in i? * (2.2.2), so R is analytically irreducible.
For k > 1, Q k is normal, so u9l (R, Q k ) is integrally closed (6.2.5) (so each of its prime divisors has height one) and has only one minimal prime divisor (5.3). Therefore uSft (R,Q k ) is a primary ideal. The next application concerns quasi-unmixed semi-local rings. To simplify the statement of (8.4) , it will be said that an ideal / in a ring A is pure depth d in case every prime divisor of J has depth = d. Finally, assume that (8.4.2) holds and let B and if be as in §7, so there exists a one-to-one correspondence between the prime divisors of and the minimal prime divisors of uίf (7.4). Therefore, if p' is a prime divisor of uif', then height p' Π5^=l,sopΊΊ5^isa prime divisor of (w5^) α , hence depth p' -depth p' Π if = d, by hypothesis, hence (8.4.4) holds.
Concerning (8.4) , the equivalence of (8.4.1) and (8.4.2) Proof. This holds for u$l(RJ)\ by (4.6), so it holds for u$l{RJ) and (u0l(R, J)) α , by integral dependence.
The last application that will be given is related to the (catenary) chain conjectures. Proof. Let the first set be E x and the second set E 2 . Let P G JS b so u ELP, and so F° = PS? 0 is prime and 0i P is a dense subspace of £%£<> (4.1). Also, there exists a depth one minimal prime ideal in the completion of <3i P (by [9, Proposition 3.5] , since P G £Ί), so there exists a depth one minimal prime ideal in the completion of £%V Therefore there exists a depth one minimal prime ideal in $k%^ by (6.5.2). Thus P°i s a minimal prime divisor of (M, Z *)fli°, for some minimal prime ideal z * in <3i\ so P G £ 2 , since P = P°Γ)&.
On the other hand, if P G £ 2 and P° is the prime ideal in 01° such that P° Π 0ί = P, then 3£ P is a dense subspace of 9t P° (4.1) . Also, there exists a depth one minimal prime ideal in 01 °P°, so there exists a depth one minimal prime ideal in the completion of S? P , hence there exists a height one maximal ideal in the integral closure of 0l P [9, Proposition 3.5] , and so it follows that P G E λ .
The equal sets in (8.6) are finite, since each (M, Z*)£%° has only finitely many minimal prime divisors and there are only finitely many z *.
9. Three questions. There are many questions concerning prime divisors of zero in form rings which haven't been answered in this
